Abstract We investigate the effects of spin on entanglement arising in Dirac field in an expanding spacetime characterized by the Robertson-Walker metric. We present a general approach that allows us to treat the case where only charge conservation is required, as well as the case where also angular momentum conservation is required. We find that in both situations entanglement originated from the vacuum and quantified by subsystem entropy behaves the same and does not qualitatively deviates from the spinless case. Differences only arise when particles and/or antiparticles are present in the input state.
Taking this approach it has been possible to learn about certain aspects of entanglement in curved spacetime [12] [13] [14] [15] [16] . In particular, the long known phenomenon of particle-antiparticle creation from vacuum has been studied to the end of characterizing entanglement in Refs. [16, 17] . In such a context, although Dirac fields were analyzed beside bosonic fields, the role of spin has not yet clarified. A first analysis including spin was carried out in Ref. [18] by assuming angular momentum conservation besides charge conservation.
Here we start from a more general scenario where only charge conservation is required and we explicitly find the unitary representation of the involved Bogolyubov transformations. With this approach we are also able to survey the scenario where both angular momentum and charge conservation are required (treated differently in [18] ). It results that in both cases entanglement originated from vacuum and quantified by subsystem entropy behaves the same and does not qualitatively deviates from the spinless case. This holds true also when considering two spin particles and two spin antiparticles in input. Moreover, entanglement is not created for input charge equal to 2, while it is created for input charge equal to 1 but only in the presence of spin. Finally, a remarkable difference between the cases of charge conservation and charge and momentum conservation only appears for having one particle and one anti-particle in the input state.
The paper is organized as follows. In Section 2 we recall the Dirac spinors in expanding spacetime and present the most general Bogolyubov transformations connecting remote past and far future (input and output respectively) in Section 3. In Section 4 we construct from the given Bogolyubov transformations an input vacuum resulting to only respect charge conservation and evaluate the entanglement generated starting from it. Then, in Section 5 we argue the Bogolyubov transformations leading to an input vacuum that shows angular momentum conservation besides charge conservation. At the end also the spinless case is revisited (Section 6). Although, for the sake of simplicity, the main body of the paper focuses on the input vacuum, in Section 7 we draw our conclusion by comparing the results obtainable for various (pure and factorable) input states. In Appendix A the unitary representation of Bogolyubov transformations is discussed. The corresponding unitary operator is worked out in Appendix B. Finally Appendix C contains the expressions of subsystem entropies when starting from excited input states.
Dirac spinors in expanding spacetime
We start by considering the Robertson-Walker line element (see e.g. [11] )
where the dimensionless conformal time τ is related to cosmological time t by τ = a −1 (t)dt. Here a(τ ) is the scale factor determining the spacetime expansion rate. We assume flat spacetime as τ → ±∞. The covariant generalization of Dirac equation for spin-1 2 field ψ of mass m is given by
where the curved gamma matricesγ µ are related to flat ones throughγ µ := a 
with x, p position and momentum vectors in R 3 . The functions f (±) obey the differential equationf
Let us define by f (±)
in/out the solutions behaving as positive frequency modes with respect to conformal time τ near the asymptotic past (in) / future (out), i.e.
Then we can introduce spinors that behave like positive and negative energy spinors, respectively, in the asymptotic regions:
with the normalization constant N = 
where a in , b in and a out , b out are annihilation operators of particles and anti-particles in the in and out asymptotic regions respectively. Actually a in and b in differ from a out and b out because they do not correspond to physical particles outside the in region. However, it is possible to relate the operators of in-particles to those of out-particles by Bogolyubov transformation [11] . We can find the Bogolyubov transformations relating the input regions with the output in the following way. Properties of the equation (4) give the following relation for its solutions
where p ≡ |p|, and A ± and B ± are the Bogolyubov coefficients.
Inserting (7) in (5) and equating the coefficients of curved-space spinors we arrive at
Note that β dd ′ (−p) = −β dd ′ (p) . The corresponding inverse transformations are
Hereafter, without loss of generality, the quantity A(p) will be considered real. The expectation value of the out number of particles in the in vacuum (i.e., number of created particles) with momentum p and spin projection d is
where the adjoint of (8) has been used. Similarly, the expectation value of out number of anti-particles in the in vacuum (i.e., number of created anti-particles) is
Then, the total number of created particles with momentum p (total number density) results by combining (12) and (13) and summing up over spin projections
From now on, to simplify the notation, we will omit the argument of Bogolyubov coefficients by assuming it to always be p, unless otherwise stated. We are legitimate in doing that because of the absence of mode mixing in the Bogolyubov transformations (8) and (11) . Also, we assume that ladder operators a (a † ) always refer to particles with momentum p, while operators labeled by b (b † ) always refer to anti-particles with momentum −p, unless otherwise stated.
Charge conservation
The unitary operator (acting on the Fock space) that represents the transformation (8) has been derived in Appendix A. By applying it to the out vacuum we will get the in vacuum, that is |0p; 0 −p in = U|0p; 0 −p out . This notation refers to the fact that if an observer in the input region detects some vacuum state, an observer in the output region will detects some "evolved" state which depends on the dynamics of the universe. It results in (see Appendix B)
This is the way a vacuum state at in is seen at out, i.e. no longer as a vacuum. Notice that the states at the r.h.s. have zero net charge likewise the one at l.h.s., however the angular momentum is non zero at the r.h.s. (differently from the l.h.s.) due to the presence of states like | ↓p; ↓ −p out and | ↑p; ↑ −p out . The particle anti-particle density operator corresponding to (15) in the out region reads
The reduced density operator for particle is obtained by tracing over antiparticle
and it results
The latter can be simplified by accounting for the fact that
as shown in Appendix A. In the case of only charge conservation, the Bogolyubov coefficients are related to the total number of particles n (see Eqs. (12), (13) and (14)) in the following way
To evaluate the amount of particle-antiparticle entanglement of (16) we can use the subsystem entropy [4] (because the state is pure)
That leads to (together with relations (18) and (19)
It is worth remarking that (21) is a concave function of n taking minimum value (zero) for n = 0 and n = 4 and maximum value (two) for n = 2.
Charge and angular momentum conservation
To have angular momentum conservation the coefficients of | ↓p; ↓ −p out and | ↑p ; ↑ −p out in (15) would have be zero, however, based on (10), β ↑↑ and β ↓↓ are non zero. This means that we have to remove them from (8) which simplifies to (see also [18] )
The unitary operator acting on the Fock space and representing such transformation in derived in the Appendix A. Applying such unitary on the out vacuum gives (see Appendix B)
(23) Again this is the way a vacuum state at in is seen at out, i.e. no longer as a vacuum. Notice however that this time the net angular momentum of the state at the r.h.s. is zero likewise that of the state at the l.h.s. The particle anti-particle density operator corresponding to (23) in the out region reads
The reduced particle state results
(25) Notice that from (12) we have
Then, referring to (14) and assuming n p (↑) = n p (↓) = n a (↑) = n a (↓) = n/4, we obtain the coefficients appearing in (25) solely depending on n, that is
To evaluate the amount of particle-antiparticle entanglement of (24) we use again the subsystem entropy (20) obtaining
which is exactly the same expression of (21), although the states (16) and (24) are not the same.
6 Entanglement in 1 + 1 spacetime
In the case of 1 + 1 spacetime all coefficients of one particle and one antiparticle states in (15) would be the same due to the lack of dependence on spin indexes. Moreover the coefficients of two particle and two antiparticle states would be zero. This means that (8) simplifies to
The corresponding unitary operator is derived in the Appendix A. Once it is applied to the out vacuum it yields (see Appendix B)
The density operator in the out region corresponding to (30) reads (31) and the reduced particle state is
Referring to again to (14) we can now assume n p = n a = n/2 and Eq.(27) becomes
Then, the amount of entanglement of (31), thanks to (20) and (33), results
Also (34) results a concave function of n taking however minimum value (zero) for n = 0 and n = 2 and maximum value (one) for n = 1.
Comparing (21) and (28) with (34) we end up with the following relation S spin (n) = 2S spinless (n/2), 0 ≤ n ≤ 4.
Conclusion
In conclusion, we have investigated the role of spin on particle-antiparticle entanglement arising from the vacuum of the Dirac field in an expanding spacetime characterized by the Robertson-Walker metric. We have considered two approaches in defining the input vacuum in terms of output states: one requiring only charge conservation, the other where both charge and angular momentum conservation was required. We have found that, although the resulting output states are different in the two approaches, their amount of entanglement is the same and simply related to that of spinless case, namely S spin (n) = 2S spinless (n/2), for 0 ≤ n ≤ 4 the density of particle creation. We can then conclude that, in this framework, spin does not play a relevant role in entanglement generation. More generally this is not true. When considering input states different from the vacuum it is possible to find qualitative and quantitative differences for the sub-system entropy. Its expression for various input states is reported in Appendix C. Upon making a comparison, we can summarize here the following results:
i) For charge equal to 2, i.e. two spin particles or two spin antiparticles, it is S spin (n) = 0. ii) For charge equal to 1 it is S spin (n) = − , while S spinless (n/2) = 0. iii) For zero charge with two spin particles and two spin antiparticles, the situation is identical to that of vacuum, where S spin (n) = 2S spinless (n/2). iv) For zero charge with one spin particle and one spin antiparticle we have: a) in case of only charge conservation S spin becomes function of an additional parameter λ, besides n, in a way depending on whether the spin are parallel or anti-parallel; b) in case of charge and momentum conservation S spin only depends on n and it is S spin (n) = 2S spinless (n) for anti-parallel spin, while S spin (n) = 0 for parallel spin.
Hence, provided that the input state is not the vacuum, by measuring entanglement we could distinguish between different scenarios. Finally, spin may play some role on entanglement degradation once entanglement between modes of different momentum is considered (as pointed out in [18] ). Hence the irrelevance of spin in entanglement generation starting from vacuum should be ascribed to the absence of mode mixing for the considered model of spacetime dynamics. As consequence we can argue a relevance of spin, for vacuum originated entanglement, in anisotropic spacetime where mode mixing appears. This is an avenue to take for further studies.
A Unitary representation of Bogolyubov transformations
Below we will derive the unitary operator (acting on the Fock space) that represents the transformation (8) (and consequently of (22), (29)). In fact the coefficients of this latter, once arranged in matrix form, can be regarded as an element of a matrices group [20] .
Let us start considering fermionic mode operators f i , satisfying the algebra
For our purposes f 1 := aout(↑), f 2 := aout(↓), f 3 := bout(↑), and f 4 := bout(↓). Let us further define the unitary operator (fermionic 'squeezing' operator)
by means of complex coefficients θ i 1 i 2 that have to be intended as entries of an antisymmetric matrix θ with null diagonal elements. We want to obtain the input (in) operators by the action of U on the output (out) ones. For example we want a in (↑) = U aout(↑) U † . Let us then compute
and so on. Additionally, we can write
Then, using (39) and (40) into (38), we arrive at
The coefficients µ ji and ν ji , have to satisfy the following conditions, coming from the algebra of fermionic modes (35),
Now, we write the Bogolyubov transformations (8) as
therefore, the matrices µ and ν have to be
In passing, it is worth noticing that the block matrix µ ν ν * µ * can be regarded as an element of a matrices group [20] , whose representation in the Fock space is given by U of (36).
The conditions (42), given (43), can be translated into
and into
Notice that because of (44) we have
Furthermore, from (45) we can derive the following relation
Coming back to the unitary operator U of (36), we can argue for θ the following form
and impose θ † θ = |θ| 2 to be diagonal (because µ is also diagonal). This leads to
As a consequence of (41) we have
with
Finally equating (47) to (43) we will get A real and
Here, we want to consider Bogolyubov transformations able to preserve angular momentum. They take the following form (see Ref. [18] 
B Decoupling the unitary operator U
In this Appendix we will show how the unitary operator defined in (36) acts on a vacuum state. First of all it is useful to recall the following result for the exponentiation of operators belonging to the su(2) algebra [21] . Given operators K ± and K 3 satisfying the following commutation relations
it is
with Γ ± ≡ 2γ ± sinh ξ 2ξ cosh ξ − γ 3 sinh ξ , Γ 3 ≡ cosh ξ − γ 3 2ξ sinh ξ 
